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Determinacy Axioms

How far are these axioms from ZFC?
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"Steel's Program"
Consider hierarchies of these axioms and compare their strength.

↑D
·esNaFanaegtite



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)

standard games :

EIN
No He ...

-...E ↑ Un 43

I wins iff

Ino ,
M
, ... ) E A.

O/w II wins
.



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)



Two scenarios

Long games

Supercompactness measures

Sandra Müller (TU Wien)

Step 1 :F a finite number u

and play games of length won.
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Games of countable length ↵ > ! and games on reals

Games Det ) Mice Mice ) Det

Analytic, length ! on N Martin, 1970 Harrington, 1978

Projective, length ! on N,
level by level

Woodin, appeared in

M-Schindler-Woodin,

JML 2020

Neeman, 2002, build-

ing on Martin-Steel,

1989

�-projective, length ! on N Aguilera Aguilera-M-Schlicht,

APAL 2021, Aguilera

Projective, length !2
on N Aguilera-M, JSL 2020 Neeman, 2004

Analytic, length !↵
on N Trang, 2013, building

on Woodin

Neeman, 2004

Projective, length !↵
on N M, 2020 Neeman, 2004

Projective, length ! on R Aguilera-M, NDJFL

2020

easy from Martin-

Steel, 1989
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Continuously coded length games

Theorem (Neeman, 2004)

Suppose there is an iterable proper class model M , with a Woodin cardinal
� and a cardinal  < � that is (� + 1)-strong in M , such that V M

�+1 is
countable in V . Then the game Gcont(⌫, A) is determined for every ⌫ in
the class ⌃0

2 and every A that is <!2 �⇧1
1 in the codes.
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/ eFor A <(w) and 0 : "Wo -> w partia function define [cont 10
,
A) :

# 4010 yo(2) ... Ya10)

yalEs
...

Yo(1) Yo(3)... (13) ...

--
...

Yo

se1 : ~(ys) is undefined
.

the game ends and

Iwins iff (yz/3< 2) EA
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/ eFor A <(w) and 0 : "Wo -> w partia function define [cont 10
,
A) :

# 4010 yo(2) ... Ya10)

yalEs
...

Yo(1) Yo(3)... (13)
-

--
...

Yo

se1 : ~(ys) is undefined
. 2: Olys) is defined .

the game ends and Let nx = 0(ya). The game
ends if

Iwins iff (yz/3< 2) EA
.

n2e Siz 13< 24 and Iwins iff luys 1362)= A.
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How could one prove such a result?

As an example, we sketch the proof of the following result.

Theorem (Aguilera-M, 2020)

Suppose every game of length !2 + ! with a ⇧1
1 payo↵ set is determined.

Then there is a model with ! + 1 Woodin cardinals.
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A new game

“Future theorem” (Gappo-M, 2024)

The following are equivalent (over ZFC):

There is a canonical inner model with a top measure and a limit of
Woodin cardinals � such that the order type of Woodin cardinals
below � is �.

The games G(C) are determined for any C ⇢
<!1R that is <!2

�⇧1
1

in the codes.
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Uncountable games

Be careful: The determinacy of arbitrary uncountable games is

inconsistent with ZF (Mycielski, 1964).

Theorem (Neeman, 2004)

Suppose there is an iterable proper class model with a Woodin cardinal
that is a limit of Woodin cardinals and countable in V . Then all games
ending at !1 in L of the play with payo↵ sets that are a(<!2 �⇧1

1) in the
codes are determined.

Sandra Müller (TU Wien)
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Uncountable games

Theorem (Woodin)

The following theories are equiconsistent:

ZFC + all ordinal definable games of length !1 on natural numbers
with real parameters are determined.

ZFC + all games ending at !1 in L of the play with payo↵ sets that
are a(<!2 �⇧1

1) in the codes are determined.

Sandra Müller (TU Wien)



Uncountable games

Theorem (Woodin)

The following theories are equiconsistent:

ZFC + all ordinal definable games of length !1 on natural numbers
with real parameters are determined.

ZFC + all games ending at !1 in L of the play with payo↵ sets that
are a(<!2 �⇧1

1) in the codes are determined.

Sandra Müller (TU Wien)



Determinacy Axioms

How far are these axioms from ZFC?
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Two scenarios

Long games

Supercompactness measures
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